Abstract. We give a complete (global) characterization of C-perverse sheaves on semi-abelian varieties in terms of their cohomology jump loci. Our results generalize Schnell's work on perverse sheaves on complex abelian varieties, as well as GabberLoeser's results on perverse sheaves on complex affine tori. We apply our results to the study of cohomology jump loci of smooth quasi-projective varieties, to the topology of the Albanese map, and in the context of homological duality properties of complex algebraic varieties.
the geometry and topology of complex algebraic varieties. For instance, the decomposition theorem [BBD82] , a far-reaching generalization of the Hard Lefschetz theorem of Hodge theory with a wealth of topological applications, requires the use of perverse sheaves. Furthermore, perverse sheaves are an integral part of Saito's theory of mixed Hodge module [Sai88, Sai90] . Perverse sheaves have also seen spectacular applications in representation theory, such as the proof of the Kazhdan-Lusztig conjecture, the proof of the geometrization of the Satake isomorphism, or the proof of the fundamental lemma in the Langlands program (e.g., see [CM09] for a beautiful survey). A proof of the Weil conjectures using perverse sheaves was given in [KW01] .
However, despite their fundamental importance, perverse sheaves remain rather misterious objects. In his 1983 ICM lecture, MacPherson [Mac84] stated the following:
The category of perverse sheaves is important because of its applications. It would be interesting to understand its structure more directly.
Alternative descriptions of perverse sheaves have since been given in various contexts, e.g., by MacPherson-Vilonen [MV86] in terms of zig-zags, by Gelfand-MacPhersonVilonen [GMV96] by using quivers, etc.
Perverse sheaves on complex affine tori have been studied by Gabber-Loeser [GL96] via the Mellin transformation, whereas perverse sheaves on complex abelian varieties have been completely characterized by Schnell [Sch15] by properties of their cohomology jump loci. The works of Gabber-Loeser [GL96] and Schnell [Sch15] are the departure point for this paper. Our main results give a complete (global) characterization of C-perverse sheaves on semi-abelian varieties in terms of their cohomology jump loci, generalizing Schnell's work and complementing Gabber-Loeser's results.
Let X be a smooth connected complex quasi-projective variety. The character variety Char(X) is the connected component of Hom(π 1 (X), C * ) containing the identity. It is isomorphic to (C * ) b 1 (X) , and it can be identified with the maximal spectrum Spec C[H 1,f (X, Z)] of the C-group ring of the free part of H 1 (X, Z). The cohomology jump loci of a constructible complex F ∈ D b c (X, C) on X are defined as:
(1) V i (X, F ) := {ρ ∈ Char(X) | H i (X, F ⊗ C L ρ ) = 0}.
These are generalizations of the cohomology jump loci V i (X) := V i (X, C X ) of X, which correspond to the constant sheaf C X , and which are homotopy invariants of X.
It was recently shown in [BW17] that the irreducible components of the cohomology jump loci of bounded constructible complexes on any smooth complex algebraic variety X are linear subvarieties. In particular, each V i (X, F ) is a finite union of translated subtori of the character variety Char(X). This fact imposes strong constraints on the topology of X.
By the classical Albanese map construction (e.g., see [Iit76] ), cohomology jump loci of a smooth complex quasi-projective variety are realized as cohomology jump loci of constructible complexes of sheaves (or, if the Albanese map is proper, of perverse sheaves) on a semi-abelian variety. This partly motivates our study of cohomology jump loci of constructible complexes, with a view towards a complete characterization of perverse sheaves on complex semi-abelian varieties. Besides providing new obstructions on the cohomology jump loci (hence also on the homotopy type) of smooth complex quasiprojective varieties, such a characterization has other important topological applications, such as finiteness properties of Alexander-type invariants (see, e.g., [LMW17a] ), or for the study of homological duality properties of complex algebraic varieties.
1.1. Main results. A complex semi-abelian variety is a complex algebraic group G which is an extension 1 → T → G → A → 1, where A is an abelian variety of complex dimension g and T ∼ = (C * ) m is an algebraic affine torus of complex dimension m. We set
c (G, C) be a bounded constructible complex of C-sheaves on G with cohomology jump loci V i (G, F ). By using the linear structure of irreducible components of the cohomology jump loci (see Theorem 5.3), we introduce refined notions of (semi)abelian codimensions codim sa V i (G, F ) and codim a V i (G, F ), see Definition 6.1. The main result of our paper asserts that the position of a bounded C-constructible complex on G with respect to the perverse t-structure on D b c (G, C) can be detected by the (semi)abelian codimension of its cohomology jump loci. This result provides a complete description of C-perverse sheaves on a semi-abelian variety G in terms of their cohomology jump loci, and generalizes Schnell's corresponding result [Sch15, Theorem 7 .4] for perverse sheaves on abelian varieties, as well as Gabber-Loeser's description [GL96] of perverse sheaves on complex affine tori. Specifically, we prove the following (see Theorem 6.6). Thus, F is a C-perverse sheaf on G if and only if the following two conditions are satisfied:
(1) codim a V i (G, F ) ≥ i for any i ≥ 0, (2) codim sa V i (G, F ) ≥ −i for any i ≤ 0.
As pointed out in Remark 3.3, cohomology jump loci of a constructible complex F on G can be reduced to investigating the corresponding cohomology jump loci of M * (F ), with M * : D b c (G, C) → D b coh (Γ G ) the Mellin transformation (see Definition 3.1). For complex affine tori, the image M * (P) of a perverse sheaf P is a single coherent sheaf (cf. [GL96] ), while for an abelian varieties it is a perverse coherent sheaf (cf. [Sch15] ). It is therefore natural to ask whether there exists a t-structure coh τ on D b coh (Γ G ), which "glues" the standard one on the torus part with the perverse coherent one on the abelian variety, so that M * (P) sits inside the heart of this t-structure (or, equivalently,
, coh τ ) is t-exact, with p τ denoting the perverse tstructure on constructible complexes). We believe the answer is negative in general. This is discussed in Remark 6.7.
In addition to Theorem 1.1, properties of the Mellin transformation (Theorem 4.3) are used here to generalize our results from [LMW17b] , and show that cohomology jump loci of perverse sheaves on semi-abelian varieties satisfy the following list of properties: Theorem 1.2. The cohomology jump loci of any C-perverse sheaf P on G satisfy the following propagation package:
(i) Propagation property:
Moreover, the equality holds if and only if V 0 (G, P) = Char(G). Theorem 1.4. If P is a simple perverse sheaf on G with χ(G, P) = 0, then there exists a positive dimensional semi-abelian subvariety G ′′ of G, a rank-one C-local system L ρ on G and a simple perverse sheaf
is an irreducible linear subvariety.
1.2. Applications. Our results have a wide range of applications, including to the study of cohomology jump loci of smooth quasi-projective varieties, for understanding the topology of the Albanese map, as well as in the context of homological duality of complex algebraic varieties. We sample here several such applications, for more details see Section 7.
In relation to cohomology jump loci of smooth varieties, we have the following (see Corollary 7.2 for a more general statement). Corollary 1.5. Let X be a smooth complex quasi-projective variety of dimension n with Albanese map alb : X → Alb(X). Suppose R alb * C X [n] is a perverse sheaf on Alb(X) (e.g., alb is proper and semi-small). Then the cohomology jump loci V i (X) have the following properties:
(1) Propagation property:
(2) Codimension lower bound: for any i ≥ 0,
Remark 1.6. A class of smooth complex quasi-projective variety with proper and semismall Albanese map is given in Example 7.13. Note also that by Theorem 1.1, the codimension lower bound of Corollary 1.5(2) is equivalent to the fact that R alb * C X [n] is a perverse sheaf on Alb(X).
As another application, to the topology of the Albanese map, we get the following generalization of [Wan17, Theorem 2.1], see Corollary 7.4. Corollary 1.7. Let X be an n-dimensional smooth complex quasi-projective variety with Albanese map alb :
The folowing generalization of [BC06, Corollary 2.6] gives a topological characterization of semi-abelian varieties (see Proposition 7.7): Corollary 1.8. Let X be a smooth quasi-projective variety with proper Albanese map (e.g., X is projective), and assume that X is homotopy equivalent to a torus. Then X is isomorphic to a semi-abelian variety.
Finally, let us indicate here an application of our results to abelian duality spaces. The concept of abelian duality space was introduced by Denham-Suciu-Yuzvinsky in [DSY15] , see Subsection 7.3 for a definition and properties. Examples of abelian duality spaces where constructed in [LMW17b, Theorem 4.11] via algebraic maps to complex affine tori. Here we provide generalizations of this construction to the semi-abelian setting. For example, we prove the following (see Theorem 7.11).
Corollary 1.9. Let X be an n-dimensional smooth complex quasi-projective variety, which is homotopy equivalent to an n-dimensional CW complex (e.g., X is affine). Suppose the Albanese map alb is proper and semi-small, or alb is quasi-finite. Then X is an abelian duality space of dimension n.
For example, very affine manifolds and complements of essential hypersurface arrangements in projective manifolds are abelian duality spaces (see Example 7.12 and Example 7.13).
1.3. Summary. The paper is organized as follows.
In Section 2, we recall the definition of several algebraic notions (including Fitting ideals, cohomology jumping ideals and cohomology jump loci of a bounded complex of finitely generated modules) and prove several preparatory commutative algebra results.
In Section 3, we recall the relevant results for perverse sheaves on complex affine tori and abelian varieties, which provide a motivation for our work.
In Section 4, we study properties of the Mellin transformation functor for perverse sheaves on a complex semi-abelian variety. In particular, we prove the propagation package of Theorem 1.2.
Section 5 is devoted to characterizing simple C-perverse sheaves with vanishing Euler number on semi-abelian varieties. In particular, we prove Theorem 1.4.
In Section 6, we prove Theorem 1.1 on the characterization of C-perverse sheaves on semi-abelian varieties in terms of their cohomology jump loci.
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Cohomology jump loci of a complex of R-modules
Let R be a Noetherian domain, and denote by Spec R the maximal spectrum of R. Let E q be a bounded above complex of R-modules with finitely generated cohomology. In this section, we recall the notion of cohomology jump loci for the complex E q , and discuss some preparatory results in commutative algebra.
By a construction of Mumford (see [Har77, III.12 .3]), there exists a bounded above complex F q of finitely generated free R-modules, which is quasi-isomorphic to E q .
Definition 2.1. For any integer k and a map φ of finitely generated free R-modules, let I k φ denote the k-th determinantal ideal of φ (i.e., the ideal of minors of size k of the matrix of φ), see [Eis95, . For a bounded above complex E q of R-modules, with finitely generated cohomology, and for F q a bounded above finitely generated free resolution of E q as above, the degree i Fitting ideal of E q is defined as:
and the degree i jumping ideal of E q is defined as:
where
We define the i-th cohomology jump loci of E q as the algebraic subset of Spec R associated to J i (E q ), that is,
It is known that 
with F q a bounded above finitely generated free resolution of E q , see [BW15, Corollary 2.5].
For the rest of this section, we focus on a special class of complexes of finitely generated free R-modules of finite length, of the form:
In what follows, we work under the following assumption:
Here, the complex Hom R (F q , R) is given by:
This section is devoted to proving the following result:
Proposition 2.3. Let F q be a finite length complex of finitely generated free R-modules, satisfying Assumption 1. Then, for any i = 0, we have that:
where √ I denotes the radical ideal of I. Moreover, the following properties hold: (i) Propagation property:
(ii) Depth lower bound: for any i ≥ 0, Lemma 2.4. A complex of finitely generated free R-modules
is exact if and only if the following two properties hold for any i ≤ −1:
Lemma 2.5. Let F q be an exact complex as in Lemma 2.4. Then for any i ≤ −1,
We will also make use of the following proposition.
Proposition 2.6. Let R be a noetherian local domain. Let
be a complex of finitely generated free R-modules, with
Proof. First, we recall our convention that I 0 (φ) = R for any homomorphism φ between free R-modules and if j is larger than the size of φ, then I j (φ) = 0. By definition,
Since R is a local ring,
Therefore, Rank(∂ −1 ) = j and Rank(∂ 0 ) = r 0 − j. Since I j (∂ −1 ) = R, ∂ −1 has a j × j minor, whose determinant is invertible. By a suitable base change, this minor is equal to the size j identity matrix. Without loss of generality, we may assume that this minor is located in the upper left corner. Then, by a further base change, we can assume that away from the top-left j × j corner, the top j rows and the left j columns of ∂ −1 are all zero. Now, since Rank(∂ −1 ) = j, the lower right corner of ∂ −1 is also zero. Thus, the image of ∂ −1 is a free direct summand of F 0 . Therefore, a non-canonical splitting
) induces a splitting of F q into two complexes, one with only nonnegative degree terms
and one with only nonpositive degree terms
The complex with nonpositive degree terms is quasi-isomorphic to zero by assumption. Now, it follows that
We have now all the ingredients for proving Proposition 2.3.
Proof of Proposition 2.3. Consider the truncated complex F ≤0 :
Then for any i ≤ −1,
Note that the depth of an ideal only depends on its radical ideal ([Eis95, Corollary 17.8]). Therefore, for any i ≤ −1, we have that
So if i < 0, the claims in (i) and (ii) follow from Lemma 2.4 and Lemma 2.5. The similar claims for i > 0 follow from a dual argument, based on the assumption that
This completes the proof of (ii).
To finish the proof of (i), it remains to show that
we prove the claim by localization. Let m be a maximal ideal such that m / ∈ V 0 (F q ). Let R m be the localization of R at m, and denote
Since localization is an exact functor, we have that
On the other hand, it follows from Proposition 2.6 that
Let us now prove (iii). Suppose that V = Spec R, otherwise the claim is automatic. Let p denote the prime ideal associated to the irreducible component V . Consider the corresponding local ring R p . Let F q p be the localization of the complex F q at p. Since localization is an exact functor, by Assumptions 1, we have
Thus, by equality (2) and Lemma 2.4, we have
By using the same argument as in the proof of Proposition 2.6, it follows that F q p is exact for i > a 2 . If a 2 < a 1 + d, then the whole complex F q p is exact, hence quasi-isomorphic to the zero complex. But this contradicts the assumption V 0 (F
q be a finite length complex of finitely generated free R-modules such that H i (F q ) = 0 for any i < 0. The above proof of Proposition 2.3(i) yields that
N ] for some positive integer N. Note that any finitely generated projective R-module is free [BG09, Theorem 8.13], hence every complex of R-modules with bounded finitely generated cohomology admits a free resolution of finite length. Moreover, since R is a Cohen-Macaulay ring in this case, the depth of any ideal in R coincides with its codimension.
Perverse sheaves on complex affine tori and abelian varieties
In this section, we introduce the Mellin transformation functor and recall some properties of the cohomology jump loci of perverse sheaves on complex affine tori and abelian varieties, which will later on be generalized to the context of semi-abelian varieties.
For any complex algebraic variety X and any commutative Noetherian ring R, we denote by D b c (X, R) the derived category of bounded cohomologically constructible Rcomplexes of sheaves on X.
Throughout this section, we fix a coefficient field K, e.g., C or F p = Z/pZ (for a prime p). Let Perv(X, K) denote the category of perverse sheaves with K-coefficients on X.
3.1. Mellin transformation and cohomologi jump loci. Let G be a complex semiabelian variety, i.e., a complex algebraic group G which is an extension
where A is an abelian variety of complex dimension g and T ∼ = (C * ) m is an affine algebraic torus of complex dimension m. Set
Let L G be the rank-one local system of Γ G -modules on G associated to the tautological character τ : π 1 (G) → Γ * G , which maps the generators of π 1 (G) to the multiplication by the corresponding variables of the Laurent polynomial ring Γ G .
Definition 3.1. [GL96] The Mellin transformation functors (also called Fourier transforms in
where D b coh (Γ G ) denotes the derived category of bounded coherent complexes of Γ Gmodules, and a : G → pt is the constant map to a point.
, the cohomology jump loci of F are defined as:
where L ρ is the rank-one local system of K ρ -vector spaces on G associated to the maximal ideal ρ of Γ G , with K ρ = Γ G /ρ the residue field of ρ. 
with the right-hand side defined as in Section 2.
3.2. Perverse sheaves on complex affine tori. If G is a complex affine torus, i.e., G = T , the following result was proved by Gabber-Loeser [GL96, Theorem 3.4.1 and Theorem 3.4.7] in the ℓ-adic context, and then extended to the present form in [LMW17b, Theorem 3.2].
Theorem 3.4. Let K be a fixed field. The Mellin transformation functor M * is t-exact, i.e., for any K-perverse sheaf P on T , we have that
is perverse if and only if M * (F ) is isomorphic to a complex concentrated in degree zero.
3.3. Perverse sheaves on abelian varieties. If G is a complex abelian variety, i.e., G = A, one has the following results proved by Bhatt-Schnell-Scholze and Schnell.
Theorem 3.5. [BSS17, Proposition 2.7] Let K be a fixed field. For any P ∈ Perv(A, K),
Here
is the dualizing functor for the ring Γ A . 
The codimension lower bound for cohomology jump loci of perverse sheaves, given in Theorem 3.6, was recently reproved in [BSS17, Theorem 3.1] by using the Hard Lefschetz theorem.
Theorem 3.7. (Hard Lefschetz) Let K be a fixed field of characteristic zero. If c ∈ H 2 (A; K) is the Chern class of an ample line bundle (ignoring twists) and if P ∈ Perv(A, K) is semi-simple, then the cup product map
is an isomorphism for any i > 0.
As a direct application of the Hard Lefschetz theorem, one also has the following.
Corollary 3.8. Let K be a fixed field of characteristic zero. For any semi-simple perverse sheaf P ∈ Perv(A, K) and for any integer i, we have that
A more refined result on the nonvanishing of cohomology groups for simple perverse sheaves on abelian varieties was obtained by Weissauer in [Wei16b] .
Perverse sheaves on semi-abelian varieties
In this section, we employ the Mellin transformation to study properties of the cohomology jump loci of K-perverse sheaves on a semi-abelian variety, with K a fixed field of coefficients.
In order to prove the main results of this section, we need a few preparatory facts, analogous to [GL96] . As in [FK00] , by choosing a splitting T ∼ = (C * ) m , we can write the semi-abelian variety G as
The following result should be compared to [GL96, Proposition 3.1.3(c)]:
Lemma 4.1. Let f : G → G ′ be the projection onto the semi-abelian variety G ′ , given by forgetting the first coordinate of T . Then for any P ∈ D b c (G, K), we have:
Proof. By definition, we have the following isomorphism in
where the second last isomorphism follows from the projection formula. Since L G ′ is a local system, we have a similar projection formula (which can be derived from the Künneth formula of [Schu03, Corollary 2.0.4]):
So the claimed formula for M * (Rf * P) follows by a similar argument.
We also need the following compatibility of the Mellin transformation with pullbacks (compare with [GL96, Proposition 3.1.
Lemma 4.2. Let f : G → G ′ be the projection onto the semi-abelian variety G ′ , as above, obtained by forgetting the first coordinate of
Proof. After fixing a splitting G ∼ = G ′ × C * as topological spaces, we have the isomorphisms (compare with [GL96, Proposition 3.1.1]):
and
Here the shift on the right hand side corresponds to the C * -factor in the splitting. The desired isomorphisms follow then from the projection formula as in the proof of [GL96, Proposition 3.1.
The following result is inspired from Gabber-Loeser's Theorem 3.4 for perverse sheaves on a complex affine torus and Bhatt-Schnell-Scholze's Theorem 3.5 for perverse sheaves on abelian varieties. Theorem 4.3. Fix a field K. Let P ∈ Perv(G, K) be a perverse sheaf on the semi-abelian variety G. Then the following properties hold:
Here D Γ G denotes as above the dualizing functor for the ring Γ G .
Proof. Firstly, for simplicity of arguments, we reduce the proof of the theorem to the case when K is algebraically closed. Obviously, the Mellin transformation commutes with field extensions, so
where K is the algebraic closure of K. Once we know that the above properties hold for M * (P ⊗ K K), it follows that the same is true for M * (P).
Secondly, we reduce the proof of the theorem to the case when P is a simple perverse sheaf. The abelian category of K-perverse sheaves is Artinian and Noetherian, hence there is a well-defined notion of length of K-perverse sheaves. By induction on the length of K-perverse sheaves, all claims in the statement can be reduced to the case of simple perverse sheaves. Therefore, without any loss of generality, we can assume that P is a simple K-perverse sheaf on G, with K an algebraically closed field. We prove the theorem by induction on the dimension of the torus T .
If dim T = 0, then G is an abelian variety, so both assertions follow directly from Theorem 3.5. For the induction step we proceed as follows.
Proof of Claim (i).
Let f : G → G ′ be the projection onto the semi-abelian variety G ′ as in Lemma 4.1. Since the relative dimension of the affine morphism f is 1, the only possibly non-trivial perverse cohomology sheaves p H i Rf * (P) may appear in the range i ∈ {−1, 0} (see, e.g., [Dim04, Corollary 5.2.14(ii), Theorem 5.2.16(i)]). Since f is a smooth morphism of relative dimension one, it follows from [BBD82, Page 111] that there is a canonical monomorphism of perverse sheaves
So if p H −1 Rf * (P) is non-zero, then since P is simple, the monomorphism (6) is an isomorphism:
The desired claim follows in this case from Lemma 4.2(ii), by using the induction hypothesis applied to the perverse sheaf p H −1 Rf * (P) on G ′ . On the other hand, if p H −1 Rf * (P) is zero, then Rf * (P) is a perverse sheaf on G ′ . Recall that by Lemma 4.1 we have the isomorphism
At this point, since Rf * (P) is a perverse sheaf on G ′ , we can apply the induction hypothesis for Rf * (P) to obtain that H i (M * (Rf * (P))) = 0 for i < 0. Hence by (7), we get that the multiplication by t 1 − 1
is surjective for i < 0. Let m ⊂ Γ G be any maximal ideal such that (t 1 − 1) ∈ m. Then, by localization at m, we get that
is surjective for i < 0. Therefore, by Nakayama Lemma for the local ring (Γ G ) m , we get that H i (M * (P)) m = 0 for i < 0 if (t 1 − 1) ∈ m. In general, fix a maximal ideal m and assume that (t 1 − λ 1 ) ∈ m for some λ 1 ∈ K * (here we use the assumption that K is algebraically closed). Consider the rank-one Klocal system L λ −1 1 ,1,··· ,1 on G. Then, as above,
Therefore, the vanishing H i (M * (P)) m = 0 for i < 0 holds for any maximal ideal m ⊂ Γ G , which implies the desired result.
Proof of Claim (ii):
Recall from (5) that
Moreover, DP ∈ Perv(G, K) if and only if P ∈ Perv(G, K). After replacing P by its dual, for (ii) we only need to show that H i (M ∨ ! (P)) = 0 for all i < 0. If dim T = 0, then G is an abelian variety, so the assertion follows directly from Theorem 3.5. For the induction step, we use an argument dual to that used in the proof of (i).
Let f : G → G ′ be the map considered above. The only possibly non-trivial perverse cohomology sheaves p H i Rf ! (P) may appear in the range i ∈ {0, 1} (see, e.g., [Dim04, Corollary 5.2.14(ii), Theorem 5.2.16(ii)]). Since f is a smooth morphism of relative dimension one, one has a canonical epimorphism of perverse sheaves (cf. [BBD82] )
Since f is a smooth morphism of relative dimension 1, we also have that (see [BBD82, p. 108-109]):
Hence
is non-zero, then since P is simple, the epimorphism (8) is an isomorphism:
The desired cohomology vanishing follows in this case from Lemma 4.2(i), by using the induction hypothesis applied to the perverse sheaf p H 1 Rp ! (P) on G ′ . On the other hand, if p H 1 Rf ! (P) is zero, then Rf ! (P) is a perverse sheaf on G ′ . Lemma 4.1 gives the isomorphism
is a perverse sheaf on G ′ , we can apply the induction hypothesis for Rf ! (P) to obtain that H i (M ∨ ! (Rf ! (P))) = 0 for i < 0. Hence by (9), we get that the multiplication by t
By twisting P with a rank-one K-local system as at the end of the proof of (i), we get that H i (M Corollary 4.4. Let P be a K-perverse sheaf on G. Any bounded complex F q of finitely generated free Γ G -modules representing M * (P) satisfies Assumption 1.
Proof. The assertion follows immediately from statements (i) and (ii) of Theorem 4.3.
Proof. Fixing any F ∈ D b (G, K), we will show by descending induction on k that
. Thus, the long exact sequence of hypercohomology groups associated to the distinguished triangle (11) yields that
. Now the assertion of the corollary follows from (10) by letting
We can now prove the main result of this section.
Theorem 4.6. Let K be a fixed field. For any perverse sheaf P ∈ Perv(G, K), the cohomology jump loci of P satisfy the following propagation package: (i) Propagation property:
(iii) Generic vanishing: there exists a non-empty Zariski open subset
Moreover, the equality holds if and only if V 0 (G, P) = Spec Γ G .
Proof. We begin by showing that
. Since the projection map π : G → A is an affine morphism of relative dimension m, by [Dim04, Corollary 5.2.14(ii), Theorem 5.2.16(i)], we have
On the other hand, since A is an irreducible algebraic variety of complex dimension g and p H ℓ Rπ * (P) is a perverse sheaf on A, we have
e.g., see [Dim04, Proposition 5.2.20]. By the perverse Leray spectral sequence for π, i.e.,
and the vanishing properties (12) and (13), it follows readily that H i (G, P) = 0 for i / ∈ [−m − g, g]. In order to show that V i (G, P) = ∅ for i / ∈ [−m − g, g], we apply the above reasoning to the K ρ -perverse sheaf P ⊗ K L ρ , with L ρ the rank-one local system associated to any ρ ∈ Spec Γ G .
For the remaining claims, we notice that by Remark 2.8, we can represent M * (P) by a bounded complex of finitely generated free Γ G -modules F q . By Corollary 4.4, F q satisfies Assumption 1. Now, the codimension lower bound (ii) follows from Proposition 2.3 and Remark 3.3 using the fact that Γ G is a Cohen-Macauley ring (hence the depth is same as the codimension). The generic vanishing of (iii) is direct consequences of the codimension lower bound property, whereas (iv) follows from (iii) by noting that
Remark 4.7. An equivalent formulation of the propagation property for cohomology jump loci of perverse sheaves (Theorem 4.6(i)) is the following. For P ∈ Perv(G, K), suppose that not all cohomology groups H j (G, P) are zero. Let
Then Theorem 4.6(i) is equivalent to k + ≥ 0, k − ≤ 0 and
Moreover, if K is a field of characteristic zero and if P is a semi-simple perverse sheaf on an abelian variety G = A, then the Hard Lefschetz Theorem 3.7 yields that k − = −k + . Then by the relative Hard Lefschetz theorem for the Albanese map of a smooth projective variety, we also recover [Wei16b, Corollary 1].
Simple C-perverse sheaves with vanishing Euler number
In this section, we investigate simple perverse sheaves with Euler number zero. Throughout this section, we fix K = C, thus Spec Γ G ∼ = (C * ) m+2g .
Definition 5.1. A linear subvariety of Spec Γ G is a closed subvariety of Spec Γ G of the form:
′ is a surjective homomorphism of semi-abelian varieties with connected fibers and ρ ∈ Spec Γ G is a rank-one character.
The following important property for V i (G, F ) follows from the proof of [BW17, Theorem 10.1.1]. Proof. We can use the same argument as in the proof of [GL96, Proposition 3.4.6], together with our inductive scheme from Theorem 4.3, to reduce the proof to the case when G = A is an abelian variety. Then the assertion follows from the RiemannHilbert correspondence and the fact that the Fourier-Mukai transform is an equivalence of categories (see [Sch15] ).
The following theorem provides a unification and generalization to the semi-abelian context of similar statements from the abelian case (cf. Theorem 5.5. Let G be a complex semi-abelian variety. If P ∈ Perv(G, C) is a simple perverse sheaf on G with χ(G, P) = 0, then there exists a positive dimensional semiabelian subvariety G ′′ of G, a rank-one C-local system L ρ on G and a simple perverse sheaf
with f : G → G ′ = G/G ′′ denoting the quotient map. Moreover,
Proof. Since χ(G, P) = 0, Theorem 4.6(iv) yields that V 0 (G, P) = Spec Γ G . Proposition 5.4 and the propagation property in Theorem 4.6 shows that V 0 (G, P) is non-empty. Assume that V 0 (G, P) has codimension d, and let V be an irreducible component of V 0 (G, P) of codimension exactly d. By Theorem 5.3, V is a linear variety. Without loss of generality, (after a suitable twist) we may assume that V contains the constant sheaf. Then there exists a map of algebraic groups f :
Assume that the semi-abelian variety G ′′ = ker(f ) has the affine torus part 
Thus, the only possible non-trivial perverse cohomology sheaves p H i Rf * (P) may appear in the range
By the perverse hypercohomology spectral sequence, we have that
By Theorem 4.6(ii), this implies that
On the other hand, for any C-coefficient local system L on G ′ , we have the projection formula
By Theorem 4.3(i, ii) and Proposition 2.3(iii), there exist a 1 , a 2 ∈ Z with We next note that
Indeed, by the perverse hypercohomology spectral sequence, we have that
Moreover, by Theorem 4.6(ii), 
Since P is simple, the monomorphism (16) is an isomorphism. So
satisfies all properties required in the theorem. For any rank-one C-local system L / ∈ V , since L| f −1 (y) is a non-trivial local system for any point y ∈ G ′ , we have (Rf * L) y = 0 for any point y ∈ G ′ . Hence Rf * L = 0. Therefore,
for all i. This shows that V 0 (G, P) = V , and hence irreducible.
where m ′′ and g ′′ are the dimensions of the affine part and, resp., the abelian part of G ′′ , as introduced in Theorem 5.5. In particular, d = m ′′ + 2g ′′ .
Proof. Indeed, in the proof of Theorem 5.5, one gets the equality
without making use of the fact that the perverse sheaf P was assumed to be simple. So the assertion holds for any perverse sheaf.
Remark 5.7. Assume that G = A is an abelian variety. If V is an irreducible component of V 0 (A, P) of codimension d, the structure theorem shows that d has to be even and
Similar results for the case of a complex affine torus have been obtained in [LMW17b, Theorem 1.2(iv)].
Characterization of C-perverse sheaves
In this section, we use the Structure Theorem 5.3 and more refined codimension lower bounds for cohomology jumping loci to give a complete characterization of C-perverse sheaves on semi-abelian varieties. Results in this section generalize the corresponding results for perverse sheaves on abelian varieties obtained by Schnell Throughout this section we fix K = C. Let G be as before a complex semi-abelian variety of dimension m + g, with
Here g denotes the complex dimension of the abelian part, and m is the dimension of the affine torus part.
Let F ∈ D b c (G, C) be a bounded constructible complex of C-sheaves on G, and let V be an irreducible component of V i (G, F ). By the Structure Theorem 5.3, we know that V is linear, and hence there is a surjective homomorphism f (V ) : G → G ′ (V ) of semi-abelian varieties such that, up to a translate, V is equal to the image of
be the group extension corresponding to G ′ (V ), with T ′ (V ) a complex affine torus and A ′ (V ) a complex abelian variety. Let G ′′ (V ) := ker f (V ), with T ′′ (V ) and A ′′ (V ) denoting the affine torus and, resp., the abelian variety part of G ′′ (V ). To formulate the results of this section, we introduce the following terminology.
Definition 6.1. In the above notations, we define the semi-abelian dimension of
where V runs over all irreducible components of V i (G, F ). Similarly, we define the abelian dimension of
and its abelian codimension by
where V runs over all irreducible components of V i (G, F ).
Remark 6.2. Let V be a nonempty linear subvariety of Spec Γ G .
(1) If G = T is a complex affine torus, then dim sa (V ) = dim(V ), codim sa (V ) = codim(V ), and dim
The first result of this section provides more refined codimension lower bounds for the cohomology jump loci of C-perverse sheaves on G, as follows.
Proposition 6.3. Let P be a C-perverse sheaf on the semi-abelian variety G.
(1) For any i ≥ 0, we have the following abelian codimension bound:
Moreover, there exist i + ≥ 0, such that codim a V i + (G, P) = i + . (2) For any i ≤ 0, we have the following semi-abelian codimension bound:
Proof. We first prove the existence of i + and i − . If V 0 (G, P) = Spec Γ G is the whole moduli space, one can take i
, with A ′′ (V ) and G ′′ (V ) as in Definition 6.1. Then the desired equalities follow from Corollary 5.6. Next we prove the codimension lower bounds. The abelian category of C-perverse sheaves is Artinian and Noetherian, hence there is a well-defined notion of length of C-perverse sheaves. By induction on the length of C-perverse sheaves, we may assume that P is simple since the conclusion behaves well under exact sequences.
We prove the codimension bounds by induction on the dimension of the torus T . If dim T = 0, then G is an abelian variety, and the assertions are equivalent to Theorem 3.6. For the induction step we proceed as follows.
Let f : G → G ′ be the projection map defined as before, by forgetting the first coordinate of the affine torus T . Set
which is a codimension-one subtorus of Spec Γ G , and note that (17)
The map f : G → G ′ induces an embedding on the moduli spaces:
whose image coincides with V 1 , i.e., f
Rf * (P) = 0, then we get as in the proof of Theorem 4.3(i) an isomorphism:
In other words, fixing a splitting G ∼ = G ′ × C * as topological spaces, we can express P as an external product
Then the Künneth formula (see, e.g., [Dim04, Theorem 4.3.14]) yields that
where we identify Spec Γ G with Spec Γ G ′ × Spec Γ C * by the natural isomorphism induced by
In particular, in this case, V i (G, P) ⊂ V 1 . Since G and G ′ have the same abelian part, for any i ≥ 0 we have that
On the other hand, by the induction hypothesis for the perverse sheaf p H −1 Rf * (P) on G ′ , for any i ≥ 0 we have
Therefore, by (19), (20) and (21), we get that for any i ≥ 0,
Similarly, by (18), we have
By the induction hypothesis for the perverse sheaf p H −1 Rf * (P) on G ′ , for any i ≤ 0 we have that
By (22), (23) and (24), we get that for any i ≤ 0,
So far, we have proved the codimension lower bounds assuming p H −1 Rf * (P) = 0. More generally, if there exists a rank-one C-local system L on G, such that p H −1 Rf * (P⊗ C L) = 0, then one obtains the same codimension lower bounds. In fact, tensoring with L induces a translation on the cohomology jump loci, and in particular preserves the (semi-)abelian codimensions.
Assume next that there is no rank-one local system L on G with p H −1 Rf * (P ⊗ C L) = 0. For any λ ∈ C * , let us choose a rank-one local system L λ whose corresponding point in Spec Γ G is contained in V λ .
By the above assumption,
By the projection formula, we have that
or, equivalently,
By the induction hypothesis for the perverse sheaf
for any i ≥ 0, and
for any i ≤ 0. We can interpret (26) as saying that the semi-abelian codimension of
for any i ≥ 0. Similarly, since (26) holds for any λ ∈ C * , by (17), we get that
for any i ≤ 0.
Remark 6.4. If P is a simple C-perverse sheaf on G with χ(G, P) = 0, then it can be shown by using methods similar to those in Theorem 5.5 that the following stronger codimension bounds hold:
This generalizes a fact obtained by Schnell in the abelian context, cf. [Sch15, Section 5].
Proof. Given any rank-one C-local system L on G, notice that
Therefore, by the perverse cohomology spectral sequence
we get an inclusion
where the second inequality follows from Proposition 6.3 (1). Similarly, if F ∈ p D ≥0 (G, C), Proposition 6.3 (2) yields that
The main result of this section provides a complete description of C-perverse sheaves on a semi-abelian variety G in terms of their cohomology jump loci, as follows.
Thus, F is a C-perverse sheaf on G if and only if the following two conditions are satisfied:
Proof. 
Plugging in k = k 1 in (30) and (31), we get that codim sa V k 1 (G, F ) ≤ i 1 − k 1 < −k 1 . This contradicts the hypothesis.
Remark 6.7. We believe that there does not exist any t-structure (at least one defined by a perversity function as in [AB10] 
In fact, let A be an abelian variety of dimension two, let T = (C * ) 4 be the affine torus and let G = T × A be the splitting semi-abelian variety. Pulling back via the projections, we can consider Spec Γ A and Spec Γ T as linear subvarieties of Spec Γ G . According to [AB10] (see also [Kas04] ), the existence of such a t-structure on D b coh (Γ G ) is equivalent to the existence of a monotone and comonotone perversity function p extending − dim a on Spec Γ G (regarded as spectrum instead of maximum spectrum). By using Bertini's theorem repeatedly, we can construct a 5-dimensional irreducible subvariety Z containing both Spec Γ T and Spec Γ A . Since dim a Spec Γ A = 2 and dim a Spec Γ T = 0, the monotonicity of p implies that
and the comonotonicity of p implies that 
Remark 6.9. Item (1) of Corollary 6.8 is equivalent to Artin's vanishing theorem for perverse sheaves on T (see, e.g., [Dim04, Corollary 5.2.18]).
Corollary 6.10. Let 0 → P ′ → P → P ′′ → 0 be a short exact sequence of perverse sheaves in Perv(G, C). Then
Proof. By tensoring the given short exact sequence of perverse sheaves with any rank one local system L, and considering the associated cohomology long exact sequence, we have the following inclusion of cohomology jump loci
On the other hand, let V be an irreducible component of
. By Proposition 6.3 (2), there exists i 1 ≤ 0 such that
After turning once the distinguished triangle associated to the given short exact sequence of perverse sheaves, we have that
By Proposition 6.3, we get that codim sa V i 1 −1 (G, P ′′ ) ≥ 1 − i 1 > −i 1 , thus by (32) and (33) we have that V ⊂ V i 1 (G, P). The propagation property of Theorem 4.6 then yields that V ⊂ V i 1 (G, P) ⊂ V 0 (G, P), which contradicts our hypothesis. If V is an irreducible component of V 0 (G, P ′′ ), the claim follows in a similar way by using abelian codimension bound of Proposition 6.3.
We conclude this section with the following result, which will be needed in the applications discussed in the next section.
Proposition 6.11. Let F ∈ D b c (G, C) be a C-constructible complex on G. Then we have the equality
Applications
In this section, we present applications of our main results to the cohomology jump loci of quasi-projective manifolds, to the topology of the Albanese map, and to the study of abelian duality spaces.
7.1. Cohomology jump loci of quasi-projective manifold. In this subsection, we give some applications of Theorem 4.6 and Theorem 6.6 to the study of cohomology jump loci of smooth complex quasi-projective varieties.
Let X be a smooth connected complex quasi-projective variety. The character variety Char(X) is the connected component of Hom(π 1 (X), C * ) containing the identity. Char(X) is isomorphic to (C * ) b 1 (X) , and it can be identified with the maximal spectrum Spec C[H 1,f (X, Z)] of the group ring C[H 1,f (X, Z)] of the free part of H 1 (X, Z).
Let alb : X → Alb(X) be the Albanese map associated to X (see e.g. [Iit76] ). The Albanese variety Alb(X) is a semi-abelian variety and the Albanese map alb induces an isomorphism between the free abelian part of H 1 (X, Z) and H 1 (Alb(X), Z). Therefore, Char(X) ∼ = Char(Alb(X)).
Definition 7.1. The cohomology jump loci of X are defined as:
where L ρ is as before the rank-one C-local system on X associated to ρ.
Note that V 0 (X) = {1}, where 1 denotes the trivial character.
Corollary 7.2. Let X be a smooth quasi-projective variety of complex dimension n.
Then the cohomology jump loci V i (X) have the following properties:
(3) For generic ρ ∈ Char(X) and all i / ∈ [n + b, n + c],
Proof. The second and third claims follow directly from Theorem 6.6. The first part of the propagation property follows from Corollary 4.5 and Remark 2.7. The second part of the propagation property follows from an analogous dual argument. The fact that b i (X) > 0 for any i ∈ [0, n + b] follows from the propagation property, since {1} ∈ V 0 (X). The codimension lower bound yields that codim One particular interesting case is when alb is proper and semi-small, in which case r(alb) = 0. It was shown in [LMW17a, Remark 1.3] that X admits a proper semi-small map f : X → G to some complex semi-abelian variety G if and only if the Albanese map alb : X → Alb(X) is proper and semi-small. It is sometimes easier to construct a proper semi-small map f to a complex semi-abelian variety than to check directly if alb is proper and semi-small. 7.2. Topology of the Albanese map. In this subsection, we give some applications of Theorem 4.6 and Theorem 5.5 to the topological study of the Albanese map alb : X → Alb(X) corresponding to a smooth complex quasi-projective variety X.
Corollary 7.4. Let X be an n-dimensional smooth complex quasi-projective variety. If
Proof. We first give a proof in the case when alb is proper. By the decomposition theorem [BBD82] , R alb * C X [n] is a direct sum of shifted semi-simple perverse sheaves on Alb(X). Denote by S the collection of all simple summands appearing (up to a shift) in R alb * C X [n]. Then, by using Theorem 4.6(i), we have that
Recall from Theorem 5.5 that for a simple perverse sheaf P, V 0 (Alb(X), P) is irreducible. If 2n i=0 V i (X) has an isolated point, then by (37) there exists at least one simple perverse sheaf P ∈ S such that V 0 (Alb(X), P) is exactly this isolated point. In particular, Theorem 4.6(iv) yields that χ(Alb(X), P) = 0. Then it follows from Theorem 5.5 that P is a rank-one C-local system on Alb(X). So alb is surjective.
Let us now discuss the proof in the case when alb is not proper. Set F := R alb * C X [n], which is a bounded C-constructible complex on Alb(X). By the projection formula, we have
Furthermore, Proposition 6.11 shows that
contains an isolated point, this isolated point is contained in some V 0 (Alb(X), p H j 0 (F )), for an integer j 0 . Corollary 6.10 yields that there exists at least one simple perverse sheaf P on Alb(X) such that P is a decomposition factor of p H j 0 (F ) and V 0 (Alb(X), P) is exactly this isolated point. Then it follows from Theorem 5.5 that P is a rank-one C-local system on Alb(X). So alb is dominant.
Corollary 7.5. Let X be an n-dimensional smooth complex quasi-projective variety with proper Albanese map alb : X → Alb(X). If 2n i=0 V i (X) consists of finitely many points, then R alb * C X [n] is a direct sum of shifted rank-one C-local systems on Alb(X).
Proof. As in the first part of the proof of Corollary 7.4, any simple perverse sheaf which is a direct summand of R alb * C X [n] is (up to a shift) a rank-one C-local system on Alb(X).
Corollary 7.6. Let X be a connected n-dimensional smooth complex quasi-projective variety with proper and semi-small Albanese map alb : X → Alb(X). Then V n (X) consists of finitely many points if, and only if, alb is an isomorphism.
Proof. Since alb : X → Alb(X) is proper and semi-small, we have by Theorem 4.6(i) (or by Corollary 7.2(1)) that
If V n (X) consists of finitely many points, then by Corollary 7.5 we have that R alb * C X is a finite direct sum of rank-one C-local systems. Furthermore, Corollary 5.6 yields that V 0 (X) = V n (X). But V 0 (X) consists of only one point, the constant sheaf. This implies that R alb * C X = C ⊕k Alb(X) , a finite direct sum of the constant sheaf on Alb(X). In particular, since alb is proper, all fibers of alb are zero-dimensional. In other words, alb is quasi-finite. A proper quasi-finite map is finite. Since R 0 alb * C X is the constant sheaf on Alb(X), the finite map alb has no ramification locus, hence alb is a covering map. If k ≥ 1, it follows from R alb * C X = C ⊕k Alb(X) that X is not connected, which contradicts our assumption. So k = 1 and alb is an isomorphism.
The folowing generalization of [BC06, Corollary 2.6] gives a topological characterization of semi-abelian varieties.
Proposition 7.7. Let X be a smooth quasi-projective variety with proper Albanese map (e.g., X is projective), and assume that X is homotopy equivalent to a torus. Then X is isomorphic to a semi-abelian variety.
Proof. Since X is homotopy equivalent to a torus, i≥0 V i (X) = {1}. By Corollary 7.5, R alb * C X is a direct sum of shifted rank-one constant sheaves on Alb(X). Since X and Alb(X) are both homotopy equivalent to tori, and since b 1 (X) = b 1 (Alb(X)), we have that b i (X) = b i (Alb(X)) for any i. Therefore, R alb * C X ∼ = C Alb(X) . Now, the same argument as in Corollary 7.6 shows that alb : X → Alb(X) is an isomorphism. 7.3. Abelian duality spaces. Let us recall the definition of (partial) abelian duality spaces from [LMW17b] , see also [DSY15] .
Let X be a connected finite CW complex, and denote π 1 (X) by π. Let φ : π → π ′ be a non-trivial homomorphism to an abelian group π ′ . There is a canonical Z[π ′ ]-local coefficient system L φ on X, whose monodromy action is given by the composition of
Definition 7.8. We call X a partially abelian duality space of dimension n with respect to φ : π → π ′ , if the following two conditions are satisfied:
) is a (non-zero) torsion-free Z-module.
If π ′ = π ab = H 1 (X, Z) and φ is the abelianization map, then a finite connected CW complex X satisfying (a) and (b) is called an abelian duality space of dimension n, see [DSY15] .
Remark 7.9. There is a canonical Z[π ′ ]-module isomorphism
for any i.
Examples of (partially) abelian duality spaces where constructed in [LMW17b, Theorem 4.11] via algebraic maps to complex affine tori. The following two results provide generalizations of [LMW17b, Theorem 4 .11] to the semi-abelian setting.
Theorem 7.10. Let X be an n-dimensional smooth complex quasi-projective variety, and let f : X → G be an algebraic map to a semi-abelian variety G. Assume that X is homotopy equivalent to an n-dimensional CW complex (e.g., X is affine). If Rf * K X [n] ∈ p D ≥0 (G, K) for any field K (e.g., if f is quasi-finite), then X is a partially abelian duality space of dimension n with respect to f * : π 1 (X) → π 1 (G).
Proof. We first show that for any field K, the value of the corresponding Mellin transformation on F := Rf * K X [n] has nonzero cohomology only in degree zero.
First, by Corollary 4.5, we have that (38) H i (M * (F )) = 0, for i < 0.
Secondly,
where the last isomorphism follows by the projection formula (since L G is a local system). Finally, since X has the homotopy type of an n-dimesional CW-complex, and f * L G is a local system on X, we have that H i+n (X, f * L G ) = 0 for i > 0. Hence, (39) H i (M * (F )) = 0, for i > 0.
Altogether, H i (M * (F )) = 0, for i = 0.
The desired result follows now by using the same argument as in [LMW17b, Theorem 4.11](1).
Let us now specialize to the case when G = Alb(X) is the Albanese variety of X, and f = alb is the Albanese map.
Theorem 7.11. Let X be an n-dimensional smooth complex quasi-projective variety, which is homotopy equivalent to an n-dimensional CW complex (e.g., X is affine). Suppose the Albanese map alb is proper and semi-small, or alb is quasi-finite. Then X is an abelian duality space of dimension n.
Proof. The assumptions on alb imply that R alb * L[n] is a perverse sheaf for any local system L over any field K. By the arguments in the proof of [LMW17b, Theorem 4.11], it suffices to show that M * (R alb * L[n]) has nonzero cohomology only in degree zero. The assertion follows exactly as in the proof of Theorem 7.10.
Example 7.12. Let X be an n-dimensional very affine manifold, i.e., a smooth closed subvariety of a complex affine torus T = (C * ) m (e.g., the complement of an essential hyperplane arrangement or of a toric arrangement). The closed embedding i : X ֒→ T is a proper semi-small map, and hence alb : X → Alb(X) is also proper and semi-small. Since X is also affine, we get by Theorem 7.11 that X is an abelian duality space of dimension n. N which is finite, hence proper and semi-small. As discussed in Remark 7.3, this implies that the albanese map alb is also proper and semi-small. Theorem 7.11 yields that X is an abelian duality space. Example 7.15. It is shown in [DS17, DSY15] that the complement of an elliptic arrangement is an abelian duality space. This fact also follows from Theorem 7.11 as we shall now indicate. Let E be an elliptic curve, and let A be an essential elliptic arrangement in E n with complement X := E n \ A. Then X is a complex n-dimensional affine variety. By the universal property of the Albanese map, the natural embedding X ֒→ E n factorizes through alb : X → Alb(X). Hence the Albanese map alb : X → Alb(X) is also an embedding (hence, in particular, quasi-finite). So Theorem 7.11 applies to show that X is an abelian duality space of dimension n.
The affine condition is a sufficient but not a necessary condition for an n-dimensional smooth complex quasi-projective variety to be homotopy equivalent to a finite CWcomplex of dimension n. The following is a simple example of an n-dimensional smooth complex quasi-projective variety which is an abelian duality space of dimension n, but which is not affine.
Example 7.16. Let X be the blowup of (C * ) 2 at a point. Then X is an abelian duality space of dimension 2. Indeed, the Albanese map is the blowdown map X → (C * ) 2 , which is proper and semismall. Moreover, X is homotopy equivalent to the 2-dimensional CWcomplex T 2 ∨ S 2 , where T 2 = S 1 × S 1 is the real 2-dimensional torus. Thus, X is an abelian duality space by Theorem 7.11. However, X is not affine because it contains a closed subvariety CP 1 .
If an n-dimensional smooth complex quasi-projective variety X is an abelian duality space and alb : X → Alb(X) is proper, then alb is semi-small. Indeed, by using the decomposition theorem and the relative hard Lefschetz theorem, one can readily see that R alb * C X [n] is a perverse sheaf. We conjecture that, in some sense, the converse of Theorem 7.11 is also true.
Conjecture 7.17. Let X be an n-dimensional smooth complex quasi-projective variety with proper Albanese map alb : X → Alb(X). Then X is an abelian duality space of dimension n if and only if alb is semi-small and X is homotopy equivalent to a finite n-dimensional CW complex.
